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bcdefgh ihcjg fgk dicllfmhjl njhofdp icq hil rsj fglpcgdhl
tlfgk u cgv cppjfqtphl uhcltjho sj dsuntpho rjsu peh
fglpcgdh w xsu h sr pehlh cppjfqtphl ucv qh dsuntpcypfsgciiv fgphglfzh ps dsuntph sj jhiv sg jhicpfzhiv lis{
h|phjgci lstjdhl sr fgrsjucpfsg w }p u cv qh funjcdpfy
dci sj hzhg fgrhclfqih ps uhcltjh cii nsllfqih cppjfqtphlrsj hcde fglpcgdh {ehg fg c jhcipfu h lhppfgk w ~s coy
ojhll pehlh fllthl � {h ohzhisn c usohi pecp ciis{ l peh
lvlphu ps �tfd�iv ohdfoh {efde cppjfqtphl ps u hcltjh �{ecp sjohj ps u hcltjh pehu fg � cgo {ehg ps lpsn cpy
pjfqtph uhcltjhu hgp cgo dicllfrv peh dtjjhgp fglpcgdh w
�h pc�h c ohdflfsg pehsjhpfd cnnjscde � {ehjh {h pjv ps
u fgfu f�h peh h|nhdpho zcith sr c dslp rtgdpfsg jh�hdpfgk
peh �tcifpv sr lhjzfdh sr peh lvlphu w

~eh gh|p lhdpfsg ohldjfq hl peh pejhh pvnhl sr dslp
pecp dcg qh fgdtjjho qv c dicllfmhj snhjcpfgk fg c pfu h
lhglfpfzh hgzfjsgu hgp w �h gsph pecp njhzfstl {sj� ecl
sgiv ohcip { fpe p{s sr pehlh dslpl w � lfunih kjhhov� gsgy
snpfu ci cnnjscde ps ohzhisn fgk cppjfqtph u hcltjhuhgp
cgo dicllfrdcpfsg nsifdfhl fl ohldjfq ho fg xhdpfsg � w �h
les{ es{ pefl njsq ihu dcg qh rsjuticpho cl cg b��
cgo lsizho tlfgk ��� lhcjde fg xhdpfsg � w � fgciiv� cg
cnnjscjde ps ecgoifgk c lh�thgdh sr dicllfmdcpfsg pcl�l
fl ofldtllho fg xhdpfsg � w

∗���������� �� � ������������ � � �����
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¡ ¢^() £`],)a^](
~eh dslp rtgdpfsg C

fl ohlfkgho ls pecp u fgfu f�fgk
C{fii fg ptjg dctlh peh lvlphu ps njszfoh peh efkehlp

�tcifpv sr lhjzfdh w � l ltde � pehjh cjh pejhh dsunsghgpl
pecp jh�hdp ohlfjho lvlphu njsnhjpfhl w
¡ ¤[ ¥ a(,¦+((a§,+)a^] ,^()( }g u cgv cnnifdcpfsgl �
gsp cii u fldicllfmdcpfsgl eczh peh lcu h zcith w ~ehjh
u cv qh c lfkgfmdcgp of¨hjhgdh qhp{hhg peh njsqihu l
dctlho qv c rcilh ghkcpfzh zhjltl peslh dctlho qv c rcilh
nslfpfzh w �h ohgsph pefl nsjpfsg sr peh dslp rtgdpfsg{efde ecgoihl u fldicllfm dcpfsg nhgcipfhl cl

CL(lp|la)
�

{efde fl peh dslp fgdtjjho qv dicllfrv fgk cg fglpcgdh
{ fpe cdptci icq hi

la
cl eczfgk c njhofdcpho icq hi

lp
w

b fgfu f�fgk pe fl dsunsghgp { fii u fgfu f�h peh lhzhjfpv
cgo rjh�thgdv sr dicllfmdcpfsg hjjsjl w

~eh jhicpfzh dslpl sr dicllfm dcpfsg hjjsjl cjh srphg
jhnjhlhgpho fg c dslp ucpjf| w �g h|cunih dslp u cpjf|
rsj cg hu cfi m iphjfgk njskjcu {eslh pcl� fl ps ohphdp
cgo ctpsu cpfdciiv ohihph ©lncu ª fg les{g ~cqih «w
� ehg c rcilh nslfpfzh s ddtjl � c ihkfpfu cph hu cfi �ckkho
fl lncu � cgo peh dsglh�thgdhl u cv qh ofjh ¬ lsu h
nsllfqiv funsjpcgp u hllckh ecl q hhg ohihpho tgjhco w� rcilh ghkcpfzh fl c lncu uhllckh pecp lifnl pejstkepeh m iphj � cgo fl srphg  tlp cg cggsvcgdh ps peh tlhj w~ehjhrsjh rcilh nslfpfzhl cjh ohhu ho «® pfu hl usjh
dslpiv pecg rcilh ghkcpfzhl w }g u hofdci ofckgslfl � c rcilh
ghkcpfzh sg lsu h phlpl dcg dctlh qfk njsqihu l rsj peh
ncpfhgp qhfgk ofckgslho w ¯s{hzhj c rcilh nslfpfzh u cv
jhltip fg tgghdhllcjv pjhcpu hgp w

~eh u fldicllfmdcpfsg dslp dsunsghgp ohnhgol sg
peh cdptci icqhi la

sr cg fg lpcgdh � {efde fl tg�gs{g �
tgihll peh fg lpcgdh fl ncjp sr c lhp sr icq hiho pjcfgfgk
ocpc w ~ehjhrsjh � fg njcdpfdh {h ghho ps tlh peh °±² °³´°µ
u fldicllfmdcpfsg dslp � kfzhg pecp peh dicllfmhj njhofdpl
icq hi

lp
¬

ECL(cl(lp)|f) =
∑

la∈L

CL(lp|la)p(la|f)

{ehjh
L

fl peh dsunihph lhp sr icqhil pecp cg fglpcgdh
u cv eczh w ~eh njsqcqfifpv pecp cg fg lpcgdh { fpe peh
dtjjhgp u hcltjho cppjfqtph zhdpsj

f
ecl peh cdptci icq hisr

la
fl

p(la|f)
� cgo utlp qh hlpfu cpho rjsu pjcfgfgk



ocpc ¬
p(la|f) =

|train(la, f)|

|train(f)|

{ehjh
train(f)

fl peh lhp sr cii pjcfgfgk h|cunihl ltdepecp rsj hzhjv u hcltjho cppjfqtph fg
f
� peh pjcfgfgk

h|cunih ecl peh lcu h zcith � cgo
train(la, f)

fl peh
ltqlhp sr h|cunihl fg

train(f)
pecp eczh icqhi

la
w

~ehlh njsqcqfifpfhl dcg qh lusspeho tlfgk c ¶cnicdh
dsjjhdpfsg w

~eh icqhi
lp

pecp fl njhofdpho rsj peh dtjjhgp cpy
pjfqtph zhdpsj

f
dcg dsu h rjsu sgh sr p{s lstjdhl w }g

peh mjlp dclh �
lp

fl peh stpntp dsjjhlnsgofgk ps peh fgntp
f
qv c dicllfm dcpfsg ciksjfpeu pecp ecl qhhg njhzfstlivpjcfgho sg lsuh pjcfgfgk ocpc lhp w ~eh dicllfmdcpfsg ciy

ksjfpeu dcg qh cgv usohi ¬ gcfzh ·cvhl � ohdflfsg pjhh �
ghcjhlp ghfkeqsj � hpd w ls isgk cl peh dicllfmdcpfsg njsy
dhotjh fl jsqtlp { fpe jhlnhdp ps u fllfgk zcithl fg peh
cppjfqtph zhdpsj w ~ehjh cjh c zcjfhpv sr uhpesol rsj
ecgoifgk u fllfgk zcithl cl ofldtllho � rsj h|cunih � fg
pehlh {sj�l ¬ ¸«® � ¹ � «º» w }p u cv cozcgpckhstl ps tlh c
pjcfgfgk ciksjfpeu pecp fl ptgho ps u fg fu f�h dicllfmdcy
pfsg dslpl � fg lphco sr sgh pecp pjfhl ps uc|fu f�h dicllfy
mdcpfsg cddtjcdvw� iphjgcpfzhiv� {h dcg qtfio peh desfdh sr

lp
fgps peh

ciksjfpeu fplhir w ~ecp fl � peh ciksjfpeu { fii desslh peh
icqhi pecp fgdtjl peh u fgfutu h|nhdpho u fldicllfmdcy
pfsg dslp sg c lhp sr pjcfgfgk ocpc ¬

lp = argmin
l∈L

ECL(cl(l)|f)

~ehjh ecl q hhg c lfkgfmdcgp zsitu h sr {sj� sg peh
njsqihu sr u fgfu f�fgk u fldicllfmdcpfsg dslpl ¬ lsuh
khghjci u hpesol cjh peh {hfkepho qsslpfgk ciksjfpeu
sr ¸�» � cgo peh bhpc¼slp ciksjfpeu sr ¸�» w
¡ ¤¡ &))*a'`)½ ¥ ½+(`*½¾ ½]) ¢^()( �g fgofzfotcicppjfqtph fi

ucv eczh c m|ho � ohphju fgflpfd dslp ps uhcy
ltjh ¬ CM (m(fi))

w �sj h|cunih � pefl dstio dsjjhlnsgo
ps eczfgk ps ncv ps jhpjfhzh lsu h nfhdh sr fgrsju cy
pfsg ghdhllcjv ps dsuntph cg cppjfqtph w }g peh mhio
sr u hofdci ofckgslfl � fp fl zhjv dsuusg rsj lsu h phlpl
ps eczh lfkgfmdcgp mgcgdfci dslpl w ¿hlhcjde pecp ecgy
oihl qspe cppjfqtph u hcltjhuhgp dslpl cgo u fldicllfmdcy
pfsg dslpl fgditohl peh khghpfd ciksjfpeu qclho ohdflfsg
pjhh fgotdhj sr ¸««» � peh ��b�� À�cjpfciiv �qlhjzcqih
b cj�sz �hdflfsg �js dhllÁyqclho ohdflfsg pjhh ihcjghj sr
¸º» � c ovgcu fd njskjcuu fgk ciksjfpeu ohldjfq ho fg ¸Â» �
c ��b�� rsj dsuntpfgk cppjfqtph u hcltjhu hgp nsify
dfhl { fpe jhln hdp ps c kfzhg Ãcfzh ·cvhl dicllfmhj fg ¸Ä» �
cgo mgciiv cg b�� rjcu h{sj� { fpe ehtjflpfd lhcjde ps
mgo ksso cppjfqtph u hcltjhu hgp cgo dicllfm dcpfsg nsify
dfhl ¸«�» w

~cqih «¬ Å|cunih dslp u cpjf| rsj cg hu cfi dicllfmdcpfsg
pcl�

la
CL(lp|la)

s� lncu
s� ® «

lp lncu «® ®
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C
T
(t

)

t

�fktjh «¬ Å|cunih pfu h lhglfpfzh dsunsghgp sr peh dslp
rtgdpfsg � CT (t)

¡ ¤Æ Ç½(È ^](½ É a¾ ½ ¢^()( ~eh dslp rtgdpfsglestio cils jh�hdp peh pfu hifghll { fpe {efde {h { fle
peh dicllfmhj ps cdp w }g u cgv lvlphu l c icqhifgk ohy
dflfsg ucoh �tfd�iv { fii q h {sjpe usjh pecg sgh pecp
pc�hl c zhjv isgk pfu h w }g khghjci � cgv lvlphu pecp
ecl c dsunsghgp sr etu cg fgphjcdpfsg lestio pjv ps q h
rcfjiv jhlnsglfzh cgo gsp ln hgo tgjhclsgcqih custgplsr pfu h ©pefg�fgk ª cqstp peh dsjjhdp icqhi sr cg fg lpcgdh w
b cgv huqhooho sj jhlstjdh ifu fpho lvlphu l cjh tlho fg
hgzfjsgu hgpl {ehjh jhlnsglfzhghll fl c �hv njsnhjpv sr
peh lvlphu w

~ehjhrsjh peh dslp rtgdpfsg ecl c mgci dsunsghgp
CT (t)

� {efde { fii pvnfdciiv eczh peh rsju les{g fg
�fktjh «w Ãsph pecp peh dslp sr c �tfd� jhltip fl lu cii
cgo rcfjiv dsglpcgp � qtp cl peh {cfpfgk pfu h fgdjhclhl �
peh dslp kjs{ l cp cg fgdjhclfgk jcph w ~efl fl c ksso
usohi sr t lhj ªl nhjdhfzho tpfifpv sr c lvlphu {ehg pehv
cjh rsjdho ps {cfp rsj c jhltip w }g khghjci � es{hzhj � peh
pfu h dslp dsunsghgp dcg pc�h sg cgv rsju � ls isgk cl
peh pfu h dslp fl gsgohdjhclfgk szhj pfu h w

}p fl funsjpcgp ps gsph pecp gsgh sr peh jhlhcjde
jhrhjhgdho fg xhdpfsgl º w« sj º wº ciis{ho rsj dslpl qclho
sg peh pfu h jh�tfjho ps dicllfrv cg fg lpcgdh w ¼slpl fg
peslh usohil cjh fgdtjjho sgiv qv peh ofjhdp � fuuhofcph



dslp sr uhcltjfgk cg cppjfqtph sj qv u fldicllfmdcpfsgl w
� fpe lsu h dsglpjcfgpl � fp fl n sllfqih ps jhnjhlhgp

pfu hylhglfpfzh dicllfmdcpfsg dslpl cl fuuhofcph ohphjy
u fgflpfd u hcltjhu hgp dslpl sr fgofzfotci cppjfqtphl wÊ fzhg pehlh dsglpjcfgpl � peh cqszh u hpesol cjh ltfpycqih w � fjlp � peh pfu h ps uhcltjh cppjfqtphl utlp q h ohy
phju fg flpfd w xhdsgoiv� peh pfu hylhglfpfzh nsjpfsg sr peh
dslp rtgdpfsg � CT ()

utlp q h ifghcj szhj pfu h w }r pefl fl
peh dclh � cppjfqtph fi

pecp pc�hl h|cdpiv
δ
pfu h tgfpl psdsuntph � dcg qh kfzhg cg ctku hgpho u hcltjhu hgp dslp

pecp fgditohl peh fgdjhu hgpci pfu h dslp fgdtjjho ¬

CM ′(m(fi)) = δ

(

d

dt
CT ()

)

+ CM (m(fi))

fglphco sr tlfgk c mgci pfu hyohnhgohgp dslp fgdtjjho
tnsg dicllfm dcpfsg w ·spe sr pehlh dsglpjcfgpl cjh fu y
njcdpfdci rsj jhci ifrh lvlphu l w �gv cppjfqtph pecp pc�hl
pfu h ps dsuntph sj jhpjfhzh { fii jcjhiv eczh c ohphju fgy
flpfd pfu h ps u hcltjh w �oofpfsgciiv� c ifghcj pfu h dslp
rtgdpfsg fl c nssj jhnjhlhgpcpfsg sr c etu cg ªl zcithsr pfu h w � ifghcj rtgdpfsg funifhl pecp c tlhj islhl cl
utde zcith n hj pfu h tgfp rsj zhjv lesjp {cfp pfu h cl rsj
isgkhj {cfp pfu hl w }g jhcifpv� tlhjl pvnfdciiv eczh lsuh
ncpfhgdh fgfpfciiv� cgo qhdsu h fgdjhclfgkiv rjtlpjcpho cl
peh {cfp fgdjhclhl w ~efl q heczfsj fl q hlp jh�hdpho qv c
dslp rtgdpfsg { fpe c ohjfzcpfzh pecp fgdjhclhl szhj pfu h w
¡ ¤Ë ¢^¾'a]a]Ì )Í½ ,^() Î`],)a^] ,^¾È^]½])(
~s dsuqfgh peh pejhh dsunsghgpl sr peh dslp rtgdpfsg �fp lestio ltÏ dh ps n hjrsju c lfunih {hfkepho coofpfsg w
~eh dslp sr cllfkgfgk njhofdpho icq hi

lp
ps cg fglpcgdh

f
{fpe u hcltjho cppjfqtphl meas(f)

cgo cdptci icq hi lafg
t
pfu h tgfpl fl ¬

C(f , t) = wL ECL(cl(lp)|f) + wT CT (t)

+ wM

∑

fi∈meas(f)

CM (m(fi))

~eh zcjfcqihl
wL, wT , wM

cjh lvlphu ncjcu hphjl pecp
cjh u cgtciiv ptgho ps njszfoh c ksso qcicgdh q hy
p{hhg peh lsu h{ecp dsg�fdpfgk kscil sr is{ u fldicllfy
mdcpfsg dslpl � cppjfqtph u hcltjhu hgp dslpl � cgo pfu hiv
jhlnsglhl w
Æ ¥Ð^È a, +))*a'`)½ ¾ ½+(`*½¾ ½]) È ^¦a,a½( Î^*

(a]Ì¦½ )+(Ñ(
�sj peh pcl� sr dicllfrvfgk c lfgkih fglpcgdh � lpcjpfgk { fpe
gs u hcltjho cppjfqtphl � {h {cgp ps fphjcpfzhiv desslh ps
uhcltjh peh lfgkih cppjfqtph pecp ecl peh icjkhlp zcithsr fgrsju cpfsg ÀÒ�}Á ¸Ó» w ~efl fl h�tfzcihgp ps mgofgk
peh cppjfqtph pecp u c|fu f�hl peh sgh lphn jhotdpfsg fg
peh h|nhdpho dslp ÀÅ¼Á sr fuuhofcph dicllfmdcpfsg w ~eh
dtjjhgp lpcph sr peh dsuntpcpfsg fl

s = 〈f , t〉
� {ehjh peh

dtjjhgp cppjfqtph zhdpsj rsj peh fglpcgdh fl
f
cgo peh

dtjjhgp {cfpfgk pfu h sr peh pcl� fl
t
w Ãsph pecp

f
ucv

dsgpcfg tguhcltjho cppjfqtphl w~eh Ò�} sr u hcltjfgk cg cppjfqtph fi

fl peh h|y
n hdpho ohdjhclh fg dslp q hp{hhg {ehg peh lpcph

fi

fl gsp
u hcltjho cgo peh lpcph {ehg fp fl u hcltjho w

V OI(m(fi)|s) = E(C(s) − C(s′))

~eh lpcph
s′

fl peh gh{ lpcph crphj
fi

ecl q hhg uhcltjho �pc�fgk c otjcpfsg sr
δ
pfu h tgfpl ¬ s′ = 〈f ∪fi = x, t+δ〉

�
{ehjh

f ∪ fi = x
jhrhjl ps

f
{fpe cppjfqtph fi

lhp ps
x
w

�h clltu h peh u hcltjho zcith sr cg cppjfqtph cgo peh
pfu h fp pc�hl ps u hcltjh cjh fgohn hgohgp w ~eh h|nhdphoof¨hjhgdh fg dslp qhrsjh cgo crphj

fi

fl u hcltjho fl peh
ltu sr peh fuuhofcph u hcltjhuhgp dslp sr cppjfqtph
fi

cgo peh of¨hjhgdhl q hp{hhg peh gh{ cgo dtjjhgph|nhdpho u fldicllfmdcpfsg dslpl cgo pfu h nhgcipfhl Àrsj
dicjfpv� {h su fp peh dslp {hfkep ncjcu hphjlÁ ¬

E(C(s)−C(s′)) = CT (t) + ECL(cl(lp)|f) − CM (m(fi)) −
∑

δ∈Ti

CT (t + δ)p(Ti = δ) −

∑

x∈fi

ECL(cl(l′p)|f ∪ fi = x)p(fi = x|f)

{ehjh
Ti

fl peh lhp sr cii n sllfqih otjcpfsgl pecp cpy
pjfqtph fi

dcg pc�h ps u hcltjh w ~eh njsqcqfifpv pecp
cppjfqtph fi

{fii pc�h sg zcith x
kfzhg peh fgdsunihph

cppjfqtph zhdpsj
f
fl

p(fi = x|f)
cgo utlp qh hlpfu cpho

rjsu pjcfgfgk ocpc w ~eh njsqcqfifpv sr cppjfqtph fi

eczy
fgk zcith x

kfzhg peh cijhcov u hcltjho cppjfqtphl fg
ffl

p(fi = x|f) =
|train(f ∪ fi = x)|

|train(f)|~ehlh njsqcqfifpfhl dcg cils q h lusspeho { fpe c ¶cnicdh
dsjjhdpfsg w

~eh njsqcqfifpv pecp cppjfqtph fi

pc�hl
δ
pfu h tgfplps u hcltjh fl ohgspho cl

p(Ti = δ)
w ~efl zcith utlpcils q h hlpfu cpho rjsu c lhp sr pjcfgfgk ocpc sj rjsu

lsu h spehj lstjdh sr njfsj h|n hjfhgdh w Ãsph pecp pefl
njsqcqfifpv fl gsp dsgofpfsgci sg

f
� hzhg pestke peh

u hcltjhu hgp sr njhzfstl cppjfqtphl u cv c¨hdp peh pfu h
ps u hcltjh fi

w �sj h|cunih � fr cg cppjfqtph pecp jh�t fjhlfgrsju cpfsg ps qh os{giscoho rjsu peh }gphjghp ecl
cijhcov qhhg u hcltjho � pehg cgv jhu cfgfgk cppjfqtphlpecp ohnhgo sg pecp lcu h fgrsju cpfsg dcg jhpjfhzh fp
rjsu c rclp is dci dcdeh w }g khghjci � {ehg cppjfqtphl
i
cgo

j
ohnhgo sg peh lcu h fgrsju cpfsg lstjdh sj

dsuntpcpfsgci jhltip cgo
p(Tj = 0|f ∪ m(fi)) = 1

Àsj
zfdh zhjlcÁ � pehlh cppjfqtphl lest io q h u hjkho fgps c
lfgkih cppjfqtph pc�fgk sg peh zcith sr cii ncfjl

〈i, j〉{ehg jtggfgk peh cppjfqtph lhihdpfsg ciksjfpeu w



}r gsgh sr peh u hcltjhuhgpl jhotdh peh dslp
À
∀fi V OI(m(fi)|s) ≤ 0

Á � peh fglpcgdh fl dicllfmho tlfgkpeh dtjjhgp fgdsunihph cppjfqtph zhdpsj
f
ps ohphju fgh

lp
w }r cii cppjfqtphl eczh cijhcov qhhg u hcltjho � pehgpeh gh|p cdpfsg { fii q h ps dicllfrv peh fglpcgdh w ~efl

dsuqfgho cppjfqtph u hcltjhu hgp cgo dicllfm dcpfsg nsiy
fdv dcg qh dsuntpho s¨ ifgh cgo pehg icphj qh �tfd�ivrsiis{ho fg cg sg ifgh lhppfgk w

Ô lfgk uvsnfd cppjfqtph lhihdpfsg � peh lvlphu { fii
kjhhofiv pjv ps u fgfu f�h dslp qv h|pjcdpfgk peh lfgkih
cppjfqtph pecp njszfohl peh icjkhlp dslp jhotdpfsg w � efih
pefl njs dhotjh fl gsgysnpfu ci � pefl uvsnfd cnnjscde
ucv qh hgstke ps kfzh ltÏ dfhgp jhltipl � { fpestp peh
dsunih| fpv pecp {stio qh ghhoho ps dsuntph cg snpfu ci
cppjfqtph uhcltjhu hgp nsifdvw �npfu ci uhpesol cjh
ofldtllho fg peh gh|p lhdpfsg w
Ë ÕÈ)a¾ +¦ ,^() (½](a)aÖ½ ¦½+*]a]Ì
}g peh cqszh lhdpfsgl � cppjfqtphl {hjh lhihdpho rsj uhcy
ltjhu hgp sgh cp c pfu h � kjhhofiv pjvfgk ps u fgfu f�h peh
h|nhdpho dslp w ¯s{hzhj � ps mgo peh snpfu ci u hcltjhyuhgp nsifdv� c usjh lsneflpfdcpho ciksjfpeu pecg c sgh
lphn iss�ycehco fl ghdhllcjvw

~efl snpfu ci sgifgh cppjfqtph u hcltjhu hgp njsqihu
fl ps mgo peh cppjfqtph u hcltjhuhgp nsifdv pecp � kfzhg
c lhp sr pjcfgfgk ocpc � u fg fu f�hl peh h|nhdpho dslp sr
dicllfmdcpfsg sr rtptjh fg lpcgdhl � {ehjh dslp fl u coh tnsr peh pejhh dsunsghgpl ofldtllho fg xhdpfsg º w

�tj lpjcphkv rsj pfu h cgo dslp lhglfpfzh ihcjgfgk
qtfiol sg peh {sj� sr ×tqh� cgo �fhpphjfde fg ¸«�» w
�h rjcu h peh cppjfqtph u hcltjhu hgp cgo dicllfm dcpfsg
njsqihu cl cg b�� Àb cj�sz �hdflfsg �js dhllÁ w ~eh
Øsnpfu ciÙ nsifdv À�tspho qhdctlh fp fl sg iv snpfu ci { fpe
jhln hdp ps c lhp sr icq hiho pjcfgfgk ocpcÁ dcg pehg qh
rstgo tlfgk ��� lhcjde � c dicllfdci ehtjflpfd lhcjde
phdegf�th w �h h|phgo peh usohi fg ¸«�» ps ecgoih pfu hy
lhglfpfzh tpfifpv dslpl w

�h { fii h|cu fgh qspe peh dclh {ehjh dicllfm dcpfsg
icqhil cjh deslhg ps u fgfu f�h h|nhdpho dslp { fpefg
peh lhcjde fplhir Àcl fl peh dclh fg ¸«�»Á � cgo cils
peh dclh {ehjh dicllfmdcpfsgl cjh ucoh qv cg h|phjgci
u fldicllfmdcpfsg dslp lhglfpfzh dicllfmhj w
Ë ¤[ ¥ÚÛ ^Ö½*Öa½Ü � bcj�sz �hdflfsg �js dhll
Àb��Á fl c nsnticj rjcu h{sj� rsj lh�thgpfci ohdflfsguc�fgk njsq ihu l w �g ckhgp fg cg b�� pc�hl Ý³´Þßàá
{efde dctlh lps declpfd pjcglfpfsgl q hp{hhg á´Ý´°áw �
pvnfdci rsjuticpfsg Àcgo peh sgh tlho ehjhÁ ecl cg ckhgp
{ fpe peh ksci sr u fgfu f�fgk peh dslpl fgdtjjho {efih
pjcglfpfsgfgk ps lsu h phju fgci lpcph w Åcde lpcph fg peh
b�� lcpflmhl peh b cj�sz njsnhjpv ¬ peh lpcph h¨hdpfzhiv
ltuucjf�hl cii njhzfstl cdpfz fpv sr peh ckhgp fg peh
hgzfjsgu hgp w ~eh ucnnfgk rjsu lpcphl ps cdpfsgl pecp

u c|fu f�hl jh{cjo fl dciiho peh ß² ´Þâ Ýã ² ßãÞ³äw
Ë ¤¡ É a¾ ½ +]_ ,^() (½](a)aÖ½ ,¦+((a§,+)a^] +( +]
¥ÚÛ ~eh lpcphl

s ∈ S
fg peh usohi njhlhgpho fg

¸«�» cjh lfuniv peh lhp sr cii n sllfqih cppjfqtph zhdpsjl
f
� fgditofgk peslh { fpe tguhcltjho cppjfqtphl w ~s

cddsuusocph pfu h lhglfpfzh dslpl � peh lpcph lncdh utlpq h ctku hgpho ps fgditoh peh dtjjhgp {cfpfgk pfu h sr peh
pcl� ¬ pehjhrsjh peh lpcph lncdh fl

s = 〈f , t〉
rsj cii zcithlsr

f
cgo

t
Àpfu h fl ofldjhpf�ho cgo qstgoho hunfjfdciiv

ps njszfoh ksso nhjrsju cgdh cp cg cddhnpcq ih ihzhi sr
dsuntpcpfsgci dsunih| fpv Á � fg coofpfsg ps cg coofpfsgci
cqlsjqfgk phju fgcpfsg lpcph

E
pecp fl pjcglfpfsgho ps

{ehg cg fglpcgdh fl dicllfmho w ~eh lpcjpfgk lpcph sr peh
b�� fl peh lpcph { fpe gs u hcltjho cppjfqtphl cgo gs
hicnlho {cfpfgk pfu h ¬

s = 〈f = 〈f1 =?, f2 =?, . . . , f|f | =?〉, t = 0〉

w
~eh cdpfsgl fg pefl u sohi cjh ps hfpehj u hcltjh cg

tguhcltjho cppjfqtph fi

� ohgspho ©
m(fi)

ª� sj ps dicllfrv
peh dtjjhgp fglpcgdh tlfgk peh icq hi

lp
� ohgspho ©

cl(lp)
ªw

~ehjh cjh pejhh pvnhl sr dslp jhicpho ps pc�fgk cg
cdpfsg w

CM (m(fi))
fl peh dslp ps u hcltjh cppjfqtph

fi

w ~efl fl c ohphju fgflpfd �tcgpfpv� tgjhicpho ps pfu h w
~ehjh cjh cils fgdjhu hgpci pfu h dslpl

C∆(δ|t)
{efde

fgofdcphl nsjpfsg sr peh hgo dslp
CT (t)

fg dtjjho qv
{cfpfgk

δ
coofpfsgci pfu h tgfpl ps dicllfrv cg fglpcgdh

pecp ecl cijhcov qhhg {cfpfgk
t
pfu h tgfpl w Ê fzhg c pfu h

dslp rtgdpfsg CT (t)
ltde cl peh sgh les{g fg �fktjh «�

fp fl lpjcfkeprsj{cjo ps dsuntph peh fgdjhu hgpci pfu h
dslp rtgdpfsg ¬

C∆(δ|t) = CT (t + δ) − CT (t)

~eh h|nhdpho fuuhofcph dslp sr pc�fgk peh cdpfsg
m(fi)fl pehg

CM (m(fi)) +
∑

δ∈Ti
p(Ti = δ)C∆(δ|t)

w
�h clltuh peh u hcltjho zcith sr cg cppjfqtph cgo

peh pfu h fp pc�hl ps u hcltjh cjh fgohn hgohgp � ls peh
njsqcqfifpv sr pjcglfpfsgfgk rjsu lpcph

s = 〈f , t〉
ps lpcph

s′ = 〈f ∪ fi = x, t + δ〉
fl

p(s′|s, m(fi)) = p(fi = x|f)p(Ti = δ)

~eh njsqcqfifpv sr cjjfzfgk fg phju fgci lpcph
E

{ehg peh
dicllfmdcpfsg cdpfsg fl pc�hg fl ci{cvl sgh ¬

p(E|s, cl(lp)) = 1

Ë ¤Æ &Õå æ½+*,Í ��� lhcjde fl cg ehtjflpfd lhcjde
ciksjfpeu rsj lhcjdefgk �Ã�ç�¿ kjcnel w }p fl c�fg ps
� � lhcjde rsj lpcgocjo ofjhdpho kjcnel w b�� nsifdfhl
dcg qh jhnjhlhgpho cl cg �Ã�ç�¿ kjcne ¬ cp cg �¿
gsoh � peh ckhgp utlp desslh c lfgkih cdpfsg ps pc�h



ls cl ps u fgfu f�h rtptjh dslp w ¯s{hzhj � lfgdh peh
hgzfjsgu hgp fl lps declpfd � pc�fgk cg cdpfsg dctlhl peh
ckhgp ps pjcglfpfsg njsqcqfiflpfdciiv ps sgh sr c gtuqhj
sr lpcphl w ~ehjhrsjh cii pehlh lpcphl cjh ltddhllsjl sr pehsjfk fgci lpcph cgo pehfj dslpl utlp q h �Ã�yho pskhpehj
ps dsuntph peh qhlp cdpfsg w

��� {sj�l qv fphjcpfzhiv funjszfgk tnsg peh dtjyjhgp q hlp ncjpfci ls itpfsg nsifdv tgpfi peh snpfu ci nsifdv
fl rstgo w Åcde fphjcpfsg sr peh ��� lhcjde fl dsunslho
sr p{s ncjpl w }g peh mjlp ncjp � peh dtjjhgp qhlp ncjpfci
ls itpfsg fl h|ncgoho Àu hcgfgk fp ªl ltddhllsjl cjh cooho
ps peh lhcjde kjcneÁ qv nfd�fgk cg tgh|ncgoho lhcjde
lpcph { fpefg peh dtjjhgp nsifdvw Ãh|p � lpcph zcithl cgo
qhlp cdpfsg desfdhl cjh tnocpho fg c qsppsu ytn ucgghj �
lpcjpfgk rjsu peh gh{ iv h|ncgoho lpcph w ~eh hlpfu cpho
zcith sr c lpcph otjfgk peh lhcjde fl

f(s)
cgo fl cg sny

pfu flpfd hlpfu cph sr peh dslp ps khp rjsu lpcph
s
ps c

phju fgci lpcph w
Ãsph pecp ��� lhcjde oshl gsp eczh peh cqfifpv ps

mgo nsifdfhl dsgpcfg fgk issnl w ~efl fl gsp c njsqihu rsj
pefl osu cfg � cl peh tgohjivfgk b�� oshl gsp ciis{ rsj
peh lcu h lpcph ps qh zflfpho p{ fdh rsj c lfgkih fg lpcgdh w
Ë ¤Ë è½`*a()a,( �sj ��� lhcjde � c ehtjflpfd fl ghdhly
lcjv ps ktfoh peh lhcjde w ~eh ehtjflpfd zcith sr c lpcph
fl peh snpfu flpfd hlpfu cph sr es{ utde dslp { fii q h fgy
dtjjho qhrsjh jhcdefgk c phju fgci lpcph w �sj cg snpfu ci
nsifdv ps qh rstgo � peh ehtjflpfd utlp q h Ýµâ ÞááÞéã° ¬ fp
utlp ghzhj szhjhlpfu cph peh dslp rjsu c lpcph ps peh
phju fgci lpcph w ¸«�» t lhl cg snpfu flpfd sghylphn iss�cy
ehco w �h tlh peh lcu h ehtjflpfd { fpe peh fgditlfsg sr
fgdjhu hgpci pfu h dslpl w Ê fzhg cg tgh|ncgoho lpcph

s
�

peh ehtjflpfd zcith h(s)
fl peh dslp sr peh cdpfsg Àdicly

lfrv fgk sj u hcltjfgk cg cppjfqtphÁ kfzfgk peh lu ciihlp
fuuhofcph dslp ¬

h(s) = min
fi 6∈meas(f)







ECL(cl(lp)|f)

CM (m(fi)) +
∑

δ∈Ti

p(Ti = δ)C∆(δ|t)

À� w«Á
Ë ¤ê ëÖ+¦`+)a^] Î`],)a^] _½,^¾È^(a)a^] +]_
Ü½aÌÍ)½_ Í½`*a()a,( ¼ec�jcqcjpf hp ci ¸�» les{ pecp
peh hzcitcpfsg rtgdpfsg fg ��� lhcjde dcg qh ohdsu y
nslho fgps

f(s) = g(s)+h(s)
� lfu ficj ps peh ohdsunslfy

pfsg lhhg fg � � lhcjde w ¯s{hzhj � peh u hcgfgkl sr pehlh
rtgdpfsgl of¨hj w }g � � lhcjde �

g(s)
jhnjhlhgpl peh dslp

ps cjjfzh cp lpcph
s
rjsu peh lpcjp lpcph � cgo

h(s)
fl peh

ehtjflpfd hlpfu cph sr es{ utde dslp jhu cfgl ps ks rjsu
s
ps c ksci lpcph w ¯s{hzhj � fg ��� �

g(s)
jhnjhlhgpl peh

nsjpfsg sr peh lsitpfsg dslp sr peh nsifdv jsspho cp
specp fl ìàßíà î ~ecp fl � peh

g(s)
dslp ecl qhhg h|nifdy

fp iv dsuntpho tlfgk  tlp dslpl fgdtjjho sg pjcglfpfsgl ps

khghjcpho lpcphl � { fpe gs
h()

zcithl q hfgk dsglfohjho w
~eh

h(s)
zcith jhnjhlhgpl peh dslpl fg peh nsifdv jsspho

cp
s
pecp cjh  t lp hlpfu cpho tlfgk peh

h
hlpfu cphl cp

tgh|ncgoho gsohl w
~eh rtgdpfsgl g

cgo
h

cjh qspe dsuntpho fg c
qsppsuytn rclefsg w Êhghjcpho qtp gsp vhp h|ncgoho
lpcphl

s
eczh

g(s) = 0
� cgo

h(s)
cl ohmgho fg Å�tcpfsg� w«w

}r peh dtjjhgp qhlp cdpfsg cp h|ncgoho lpcph
s
fl

ps dicllfrv� pehg peh ehtjflpfd dslp hlpfu cph { fii q h �hjs �
q hdctlh peh sgiv rtptjh dslpl fgdtjjho { fii q h peh �gs{g
h|nhdpho u fldicllfmdcpfsg dslp ¬

g(s) = ECL(cl(lp)|f)

h(s) = 0

}r peh q hlp cdpfsg cp lpcph
s
fl ps u hcltjh cppjfqtph fipehg {h eczh

g(s) = CM (m(fi)) +

∑

δ∈Ti

p(Ti = δ)



C∆(δ|t) +
∑

x∈fi

p(fi = x|f) g(s′)





h(s) =
∑

δ∈Ti

p(Ti = δ)
∑

x∈fi

p(fi = x|f)h(s′)

{ehjh
s′ = 〈f ∪ fi = x, t + δ〉

w
~efl ohdsunslfpfsg sr peh zcith rtgdpfsg ciis{ l c

{hfkepho zhjlfsg sr ��� pecp kfzhl usjh huneclfl ps peh
ehtjflpfd hlpfu cph w }g lphco sr tlfgk f(s) = g(s) + h(s)

�
peh hlpfu cpho dslp dcg qh kfzhg usjh {hfkep ¬

f ′(s) =
(1 − ω)g(s) + ω h(s)

w � l
ω

fgdjhclhl rjsu ® w� ps «w® �
peh lhcjde qhdsu hl fgdjhclfgkiv kjhhov� njsotdfgk c
nsifdfhl sr ohdjhclfgk �tcifpvw ~eh lhcjde lncdh h|n isjho
cils lejfg�l � ciis{ fgk c pjcohs¨ qhp{hhg �tcifpv sr
jhltipl cgo dsuntpcqfifpv rsj icjkh lhcjde lncdhl w ~efl
jhltipl fg c qstgoho isll sr snpfu cifpv� qtp cils dcg
lfkgfmdcgpiv jhotdh peh gtuqhj sr lhcjde lpcphl pecp
utlp q h hzcitcpho w
Ë ¤ï Û*`]a]Ì ()*+)½Ìa½( �sj dicllfmdcpfsg njsqihu l
{ehjh fglpcgdhl eczh c icjkh gtuqhj sr u hcltjcqihcppjfqtphl � hcde sr {efde dcg pc�h sg u cgv zcithl �njtg fgk sr peh lhcjde lncdh fl hllhgpfci rsj hÏ dfhgp
lhcjde w � njtgfgk lpjcphkv pecp njhlhjzhl peh snpfu cifpv
sr peh nsifdv efgkhl sg peh rcdp pecp peh phju fgci lpcph

Edcg qh jhcdeho qv rjsu cgv lpcph sr pe fl b�� qv pc�fgk
c lfgkih dicllfmdcpfsg cdpfsg ¸«�» w ~efl njsn hjpv� {efde
fl gsp cnnifdcqih rsj khghjci b�� usohil � ciis{ l rsj
lsu h lfkgfm dcgp njtgfgk sr peh lhcjde lncdh w �g tnnhjqstgo ĥ(s)

zcith fl dsuntpho cp hcde gsoh î pefl zcithjhnjhlhgpl peh h|nhdpho dslp sr rsiis{ fgk peh dtjjhgpé°á´ ìàßíà nsifdv rjsu lhcjde lpcph
s
w �sju ciiv�

ĥ(s)
fl



dsuntpho cl ¬

ĥ(s) =

{

∞ s
gsp h|ncgoho

ĥ′(s) s
h|ncgoho

ĥf (m(fi)|s) = CM (m(fi)) +
∑

δ∈Ti

p(Ti =δ)(C∆(δ|t) +
∑

x∈fi

p(fi =x|f) ĥ(s′))

ĥ′(s) = min
fi 6∈meas(f)

{

ECL(cl(lp)|f)

ĥf (m(fi)|s)ckcfg { fpe
s′ = (f ∪ fi = x, t + δ).

~ehjhrsjh � cgv
tgh|ncgoho lhcjde gsoh

s′
{fpe ncjhgp gsoh

s
{ehjh

ĥ(s) < h(s′)
dcg qh njtgho � cl peh h|ncglfsg sr

s′dcggsp ihco ps cg funjszho nsifdv lfgdh {h { fii ci{cvl
desslh peh cdpfsg cp

s
pecp njszfohl peh u fgfu ci

ĥ(s)
w

¸«�» cils h|cu fghl lpcpflpfdci njtgfgk sr peh lhcjde
lncdh oth ps lncjlfpfhl sr pjcfgfgk ocpc w ~efl fl cg fu y
nsjpcgp dsglfohjcpfsg � lfgdh peh custgp sr pjcfgfgk ocpc
pecp fl q hfgk tlho ps ofjhdp peh lhcjde khpl lu ciihj cgo
lu ciihj cl u hcltjhu hgp cdpfsgl cjh pc�hg w Åzhgptciiv�peh lhcjde jhcdehl c ohnpe {ehjh pehjh fl fg ltÏ dfhgp
pjcfgfgk ocpc ps  t lpfrv desslfgk cgv sgh cdpfsg szhj cgv
spehj w � lpcpflpfdci phlp dcg qh nhjrsju ho njfsj ps gsoh
h|ncglfsg ps ohphju fgh fr peh h|ncglfsg sr peh gsoh fl
 tlpfmho qv peh pjcfg fgk ocpc u cpdefgk pecp gsoh w ~efl
njtgfgk ecl p{s qhghmpl ¬ peh lhcjde lncdh fl jhotdho �cgo usjh funsjpcgpiv� szhjmppfgk sr peh pjcfg fgk ocpc
fl czsfoho w
ê &))*a'`)½ ¾ ½+(`*½¾ ½]) Î^* (½ð`½],½( ^Î

)+(Ñ(
~eh cqszh njsdhotjhl os gsp cddstgp rsj spehj pcl�l
pecp ghho ps qh dicllfmho w }gohho � ltnnslh pecp fglphcosr c lfgkih dicllfmdcpfsg pcl� ps njs dhll � peh lvlphu
ecl ps ecgoih c á´ñ°Ýâ sr dicllfm dcpfsg pcl�l cjjfz fgk
szhj pfu h w ~ehjhrsjh � {ehg ohdfofgk {efde cppjfqtphlps u hcltjh fg peh dtjjhgp pcl� � {h utlp cils dsglfohj
peh nsphgpfci rsj tpfifpv isll oth ps ohicv fg njs dhllfgk sr
cii spehj pcl�l {cfpfgk ps q h dicllfmho w �jgp hp ci jhrhj ps
pefl cl peh ß²² ßñ´òàÞ´ä ³ßá´ ¸«» � peh isll sr h|n hdpho zcithoth ps ohicv fg peh lpcjpfgk sr {sj� sg peh jhu cfgfgk
pcl�l w ~ehv les{ pecp rsj c lfu ficj njsqihu � peh
snnsjptg fpv dslp rtgdpfsg dcg qh �tfd�iv cgo h¨hdpfzhiv
cnnjs| fu cpho qv h|cu fgfgk lfunih cppjfqtphl sr peh
�thth sr {cfpfgk pcl�l � ltde cl gtuqhj sr pcl�l {cfpfgk
cgo czhjckh {cfpfgk pfu h sr hcde pcl� w ¼cii pefl zhdpsj
q
w

�h dcg rcdpsj fg snnsjptg fpv dslp ps peh uvsnfd
cppjfqtph u hcltjhu hgp lpjcphkv ofldtllho fg xhdpfsg �
qv cu hgofgk peh h|nhdpho of¨hjhgp fg dslp q hp{hhg p{s
lpcphl ps fgditoh c dsunsghgp

COC(δ|q
Á jhnjhlhgpfgk

peh dslp sr ohicvfgk dsuntpcpfsg rsj
δ
pfu h tgfpl kfzhgc �thth sr {cfpfgk dicllfmdcpfsg pcl�l jhnjhlhgpho qv

cppjfqtph zhdpsj
q
w

}g peh b�� usohi rsj snpfu ci nsifdv dsglpjtdpfsg �peh snnsjptgfpv dslp dsunsghgp dcg qh fgpjsotdhoqv ctku hgpfgk peh fgdjhu hgpci pfu h dslp dsunsghgp
C∆(δ|t)

¬

C∆′(δ|t,q) = C∆(δ|t) + COC(δ|q)

~efl jh�tfjhl pecp peh lpcph lncdh q h h|ncgoho ps
s = 〈f , t,q〉

w ~ehjhrsjh fp u cv qh ghdhllcjv ps lhzhjhiv
ifu fp peh nsllfqih zcithl sr

q
ps czsfo cg h|nislfsg fg

peh szhjcii lf�h sr peh lpcph lncdh w �sj h|cunih � peh
pcl� �thth u cv qh jhnjhlhgpho { fpe  tlp pejhh lpcphl
dsjjhlnsgofgk ps peh szhjcii rjh�thgdv sr pcl� cjjfzci ¬
ó Þôó � â °µÞòâ � cgo ãßí w

~eh b�� pjcglfpfsg usohi utlp cils q h ctkuhgpho
ps fgditoh

q
w ~eh njsqcqfifpv sr pjcglfpfsgfgk rjsu lpcph

s = 〈f , t,q〉
ps lpcph

s′ = 〈f ∪ fi = x, t + δ,q′〉
fl

p(s′|s, m(fi)) = p(fi = x|f)p(Ti = δ)p(q′|q, δ)

{ehjh
p(q′|q, δ)

fl peh njsqcqfifpv sr peh �thth ksfgk
rjsu lpcph

q
ps

q′otjfgk c pfu h fgphjzci sr
δ
pfu h tgfpl w~efl �tcgpfpv dcg qh hlpfu cpho rjsu nclp h|nhjfhgdh w }r

peh cjjfzci jcph sr pcl�l fg peh �thth fl zhjv lphcov cgo
jhkticj � pehg peh njsqcqfifpv u cll rsj pefl oflpjfqtpfsg{ fii q h pfkepiv dsgdhgpjcpho cjstgo c lfgkih

q′ w }r peh
cjjfzci jcph fl hjjcpfd cgo zhjv tgnjhofdpcqih � pehg peh
njsqcqfifpv u cll { fii q h usjh hzhgiv oflpjfqtpho w Ãsphpecp fr {h { fleho ps dsglfohj ltde pefgkl cl peh pfu h
sr ocv� sj isgk phju pjhgol fg cjjfzci jcph � pehlh utlpq h jhnjhlhgpho fg

q
w xtde c dsunih| jhnjhlhgpcpfsg

sr peh pcl� �thth { fii dctlh peh szhjcii lpcph lncdh ps
q h njse fqfpfzhiv icjkh � ls {h { fii gsp dsglfohj pehlh
fgofdcpsjl w
ï ¢^],¦`(a^](
~eh deciihgkh sr dicllfmdcpfsg tgohj pfu h njhlltjh ecl
gsp lhhg utde cpphgpfsg fg jhlhcjde � { fpe u cgv ciksy
jfpeu l cgo uhpesol rs dtlfgkiv lsihiv sg u fldicllfmdcy
pfsg cgo cppjfqtph u hcltjhu hgp dslpl w õhp rsj u cgv
lvlphu l � ksso jhlnsglfzhghll fl c ohlfjcq ih cgo lsu hy
pfu hl ghdhllcjv njsn hjpvw ~eh njsqihu sr pfu h lhglfpfzh
dicllfmdcpfsg fl rtjpehj dsunstgoho {ehg ohcifgk { fpe
c lpjhcu sr fglpcgdhl ps q h dicllfmho w }r rtptjh fg lpcgdhlcjh gsp dsglfohjho {efih desslfgk {efde cppjfqtphl ps
u hcltjh rsj peh dtjjhgp pcl� � pehjh fl peh jfl� sr icjkh
n hgcipfhl rsj peh ohicv fg dicllfrv fgk peslh rtptjh pcl�l w

~efl jhlhcjde fl  tlp tgohj{cv cgo petl pehjh cjh gsh|nhjfu hgpci jhltipl ps jhnsjp w ¯s{hzhj � k fzhg njhzfstl{sj� {h cjh dsgmohgp sr peh ltddhll sr pehlh u hpesol w
b cnnfgk peh njsq ihu { fpestp pfu h dslpl ps cg b��



cgo lsizfgk tlfgk ��� lhcjde ecl les{g ltddhll fg ¸«�» w
�tjpehjusjh peh snnsjptgfpv dslp u hpeso rsj njs dhllfgk
lpjhcu l sr pcl�l ecl q hhg ohusglpjcpho fg ¸«» w

�sllfq ih rtptjh {sj� sg pefl ltq hdp fgditohl ciis{yfgk rsj peh rcdp pecp cppjfqtph u hcltjhu hgp ucv rcfi
sg s ddclfsg � sj pecp peh cppjfqtph zcithl pehu lhizhl cjh
lpsdeclpfd cgo jhn hcpho u hcltjhu hgpl u cv qh ghdhllcjv
ps khp cg cddtjcph zcith w
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